We study verification of maximally entangled states by virtue of the simplest measurement settings: local projective measurements without adaption. We show that optimal protocols are in one-to-one correspondence with complex projective 2-designs constructed from orthonormal bases. Optimal protocols with minimal measurement settings are in one-to-one correspondence with complete sets of mutually unbiased bases. Based on this observation, optimal protocols are constructed explicitly for any local dimension, which can also be applied to estimating the fidelity with the target state and to detecting entanglement. In addition, we show that incomplete sets of mutually unbiased bases are optimal for verifying maximally entangled states when the number of measurement settings is restricted. Moreover, we construct optimal protocols for the adversarial scenario in which state preparation is not trusted. The number of tests has the same scaling behavior as the counterpart for the nonadversarial scenario; the overhead is no more than three times. We also show that the entanglement of the maximally entangled state can be certified with any given significance level using only one test as long as the local dimension is large enough.
I. INTRODUCTION
Entanglement is a valuable resource in quantum information processing and a focus of foundational studies. Maximally entangled states are particularly useful because of their applications in many quantum information processing tasks, such as teleportation, dense coding, and quantum cryptography. They are also standard units in entanglement manipulations and transformations and thus play a fundamental role in the resource theory of entanglement [1] .
In practice, it is not easy to produce perfect maximally entangled states due to various experimental imperfections. It is therefore crucial to verify efficiently the states produced within a given precision based on accessible measurements. Since it is in general very difficult to perform entangling measurements, it is natural to restrict our attention to measurements that can be realized by local operations and classical communication (LOCC) [1] , which is a standard paradigm in quantum information processing. This problem has been studied before [2] [3] [4] [5] [6] [7] , but most previous approaches entail continuous measurements, which are not practical; see Ref. [5] for a preliminary study on the applications of discrete measurements based on symmetric informationally complete measurements [8] and mutually unbiased bases (MUB) [9] [10] [11] .
In this work, we propose practical and efficient protocols for verifying maximally entangled states, which require only a few local projective (LP) measurements without adaption. We prove that optimal protocols based on LP measurements are in one-to-one correspondence with weighted complex projective 2-designs constructed from orthonormal bases. Optimal protocols with minimal measurement settings are in one-to-one correspondence with complete sets of MUB. For any local dimension d, optimal protocols can be constructed using at most ⌈ 2 ⌉+1 distinct measurement settings. These protocols can also be applied to fidelity estimation and entanglement detection. Besides, incomplete sets of MUB can be used to construct optimal verification protocols when the number of measurement settings is restricted.
Moreover, our approach can be applied to the adversarial scenarios in which the states to be verified are prepared by an untrusted party. In this case, our protocols built on LOCC are even optimal among protocols that allow entangling measurements. In addition, we prove that the entanglement of the maximally entangled state can be certified with any given significance level using only one test as long as the local dimension is large enough. Again, entangling measurements are not necessary to achieve this goal.
Our study not only provides practical and efficient protocols for verifying maximally entangled states, but also highlights the operational significance of 2-designs and MUB. The connection between maximally entangled states and maximally incompatible measurements featured in this work is also of intrinsic interest.
II. VERIFICATION OF PURE STATES

A. Nonadversarial scenario
Before studying optimal verification of maximally entangle states under LOCC, it is instructive to review the general framework of pure-state verification [7, 12] , though here we consider more general measurements. Suppose we have a device that is expected to prepare the target state |Ψ . In reality, it turns out the device produces σ 1 , σ 2 , . . . , σ N in N runs. Now our task is to distinguish between the two cases, assuming that either σ j is identical with |Ψ Ψ| for all j or Ψ|σ j |Ψ ≤ 1−ǫ for all j. To this end we can perform two-outcome measurements from a set of accessible measurements. Each twooutcome measurement {E j , 1 − E j } is specified by a test operator E j , which satisfies the condition 0 ≤ E j ≤ 1 and corresponds to passing the test. It is natural to choose E j such that the target state |Ψ always passes the test, that is, E j |Ψ = |Ψ for all E j . For comparison, the maximal probability that σ j can pass the test in the case Ψ|σ j |Ψ ≤ 1 − ǫ is given by [7, 12] 
where Ω = p j E j with p j being the probability of performing the test E j , β(Ω) is the second largest eigenvalue of Ω, and ν(Ω) = 1 − β(Ω) is the spectral gap from the maximal eigenvalue. Here Ω will be referred to as a verification operator and a strategy.
After N runs, σ j in the bad case can pass all tests with probability at most
, the minimal number of tests reads
The number decreases monotonically with ν(Ω). If all measurements are accessible, then the best strategy is composed of the test {|Ψ Ψ|, 1 − |Ψ Ψ|} based on entangling measurements. In this case we have Ω = |Ψ Ψ|, ν(Ω) = 1, and N = ⌈ln δ/ ln(1 − ǫ)⌉.
B. Adversarial scenario
In the adversarial scenario, the states are prepared by a potentially malicious adversary. In this case, we can still verify the target state by first performing a random permutation on N + 1 systems before applying the strategy Ω to N systems [12] . Now the performance will depend on other eigenvalues of Ω in addition to β(Ω) (or ν(Ω)). Denote by F (N, δ, Ω) the minimal fidelity of the reduced state of the remaining party with the target state when N tests are passed with significance level δ. Denote by N (ǫ, δ, Ω) the minimal number of tests required to verify the target state within infidelity ǫ and significance level δ.
In general, it is not easy to derive analytical formulas for F (N, δ, Ω) and N (ǫ, δ, Ω). Nevertheless, such formulas have been derived in Ref. [12] for two cases most relevant to the current study.
According to Ref. [12] , if Ω is singular (has a zero eigenvalue) and ν(Ω) ≥ 1/2, then we have
The minimal number of tests required to verify |Ψ within infidelity ǫ and significance level δ reads [12] 
Compared with Eq. (2), the scaling with δ is suboptimal. When the strategy Ω is composed of the entangling test {|Ψ Ψ|, 1 − |Ψ Ψ|} for example, we have ν(Ω) = 1, so that Eqs. (3) and (4) reduce to
For a given β(Ω), the optimal performance is achieved when the strategy Ω is homogeneous [12] , which means it has the form
where λ = β(Ω). In this case, it is natural to write F (N, δ, λ) and N (ǫ, δ, λ) in place of F (N, δ, Ω) and N (ǫ, δ, Ω). Define
Then F (N, δ, Ω) is given by [12] 
(10) Here k is the largest integer that satisfies η k (λ) ≥ δ, and p 1 , p 2 are probabilities determined by the conditions
Equation (10) determines the minimal number N (ǫ, δ, λ) of tests required to verify |Ψ . In the limit δ → 0, the number N (ǫ, δ, λ) can be approximately as follows (assuming that λ is lower bounded by a positive constant) [12] , where F = 1 − ǫ. In the high-precision limit ǫ, δ → 0, which is the situation of the most interest, we have
where the inequality is saturated at λ = 1/e, with e being the base of the natural logarithm. So the number of required tests has the same scaling behaviors with ǫ and δ as in the nonadversarial scenario, and the efficiency of the homogeneous strategy is characterized by the function 1/(λ ln λ −1 ). The optimal performance is achieved when λ = 1/e, in which case the overhead is only e times.
III. LIMITATIONS OF LOCAL OPERATIONS AND CLASSICAL COMMUNICATIONS
A. General discussions
To analyze the limitations of local measurements on quantum state verification, we need to introduce several additional concepts. A test operator E is separable if it is a linear combination of pure product states with nonnegative coefficients. The test {E, 1 − E} is separable if both E and 1−E are separable. A verification strategy is separable if it is composed of separable tests. The strategy is separable projective (SP) if, in addition, each test operator is a projector. Any verification strategy realized by LOCC is separable, as illustrated in Fig. 1 .
The robustness of entanglement of a quantum state ρ [1, [13] [14] [15] [16] is defined as
where S denotes the set of separable states. If σ is required to be the completely mixed state, we get the random robustness [13] ,
where D is the dimension of the whole Hilbert space. Given a pure state |Ψ , the following quantity is closely related to the robustness of entanglement,
where the minimization is taken over separable tests {E, 1 − E}. The following lemma is an easy consequence of the definitions of E R (Ψ) and T (Ψ). 
Each test operator E of a separable strategy Ω for |Ψ satisfies the inequality
This observation implies the following lemma given that |Ψ is an eigenstate of Ω with eigenvalue 1.
Lemma 2. Any separable strategy Ω for |Ψ satisfies
where D is the dimension of the whole Hilbert space. If Ω is homogeneous, then
Lemma 3. The verification operator Ω of any SP strategy {P l , p l } g j=1 for an entangled state |Ψ satisfies β(Ω) ≥ 1/g. The bound is saturated iffP l := P l − |Ψ Ψ| are mutually orthogonal and p l = 1/g for all l.
Proof. This lemma is a direct consequence of the observation that β(Ω) = l p lPl and that all projectors P l have ranks at least 2 whenever |Ψ is entangled.
An SP strategy Ω composed of g distinct tests is parsimonious if β(Ω) = 1/g, that is, ν(Ω) = (g − 1)/g. In this case, by Eq. (2), the number of measurements needed to verify |Ψ within infidelity ǫ and significance level δ reads
The counterpart for the adversarial scenario is given by Eq. (4) with ν(Ω) = (g − 1)/g, assuming that Ω is singular.
B. Bipartite pure states
Now we turn to a bipartite system with the Hilbert space
Up to a local unitary transformation, any bipartite pure state can be expressed as
where the Schmidt coefficients s 0 ≥ s 1 ≥ · · · ≥ s d−1 are arranged in decreasing order and satisfy the normalization condition j s 2 j = 1. The robustness of entanglement of |Ψ is well known [1, [13] [14] [15] [16] , as reproduced here,
In addition, Theorem 2 of Ref. [18] showed that
By Lemma 2, any separable verification strategy Ω for |Ψ satisfies
If Ω is homogeneous, then we have a stronger conclusion,
Here the first inequality also follows from the fact that the partial transpose (|Ψ Ψ|) TB has an eigenvalue equal to −s 0 s 1 , while a separable verification operator is necessary positive partial transpose (PPT). The second inequality in Eq. (25) is saturated iff s 0 = s 1 = 1/ √ d, in which case |Ψ is maximally entangled.
C. Maximally entangled states
We are particularly interested in maximally entangled states, which have the form
up to local unitary transformations. According to Eq. (24) or (25), any separable strategy Ω for |Φ satisfy
For a homogeneous strategy Ω, Theorem 1 of Ref. [2] showed that
Also, Ref. [2] showed the existence of a local strategy that satisfies the equality in Eq. (28). Hence, the bounds in Eq. (27) are saturated iff the equality in Eq. (28) holds. Then, Eq. (2) reduces to
In the iid case, this result can be derived from Sec. 4.3.2 and Eq. (36) of Ref. [4] ; see Ref. [7] for the case d = 2.
In the large-d limit, we have
The number of tests is almost the same as what is achieved by the best nonlocal collective strategy. A separable strategy Ω for |Φ is optimal if it saturates the bound β(Ω)
an SP strategy is perfect if it is both optimal and parsimonious. Let ρ be an arbitrary quantum state and
the fidelity between ρ and |Φ Φ|. If Ω is the optimal strategy given in Eq. (28) with equality, then
cf. Theorem 1 in Ref. [2] , so the fidelity can be inferred from the passing probability,
Therefore, homogeneous verification strategies can also serve for fidelity estimation.
IV. VERIFICATION OF MAXIMALLY ENTANGLED STATES
A. Parsimonious and optimal verification strategies Given any basis B = {|ψ 1 , |ψ 2 , . . . , |ψ d } for H (in this paper we only consider orthonormal bases), we can devise a conjugate-basis (CB) test as follows: Alice performs the projective measurement on the basis B, while Bob performs the projective measurement on the conjugate basis B * = {|ψ * : |ψ ∈ B}, where |ψ * denotes the complex conjugate of |ψ * (with respect to the given computational basis used to define |Φ ). The CB test is passed if Alice and Bob obtain the same outcome; in other words, the pass eigenspace is spanned by |ψ ⊗ |ψ * for all |ψ ∈ B, and the test projector has the form
which has rank d. Similar idea was used to construct general tests from POVMs on H [4, Eq. (13)], while the test here is simpler and easier to realize. Note that P (B)|Φ = |Φ for any orthonormal basis B of H, so |Φ can pass the test with certainty as desired. A CB strategy {P (B l ), p l } l is composed of CB tests, where B l are bases for H, and p l form a probability distribution. The resulting verification operator reads
This result is an implication of the following inequality
which is saturated iff B 1 and B 2 are mutually unbiased, that is, | ψ|ϕ | 2 = 1/d for all |ψ ∈ B 1 and |ϕ ∈ B 2 [9] . Lemma 3 and Proposition 1 together yields Proposition 2. Let B 1 , B 2 , . . . , B g be g bases for H. The CB strategy {P (B l ), p l } is parsimonious iff B 1 , B 2 , . . . , B g are mutually unbiased and all p l are equal to 1/g. The strategy is perfect iff, in addition, g = d + 1, so that B 1 , B 2 , . . . , B g form a complete set of MUB.
An MUB strategy is a CB strategy based on MUB and with uniform probabilities, which is parsimonious by Proposition 2. If a set of g MUB is available, then the number of tests required to verify |Φ within infidelity ǫ and significance level δ is given by Eq. (2) with ν(Ω) = (g − 1)/g, that is, β(Ω) = 1/g, for nonadversarial scenario. Incidentally, the maximally entangled state |Φ is equivalent to a qudit graph state for which we have introduced a general verification protocol called the cover protocol [12] . In retrospect, the cover protocol in this special case is equivalent to an MUB strategy constructed from two bases (that is g = 2).
For d ≥ 2, there exist at least three bases that are mutually unbiased [9] . Define operators Z and X as follows,
where j ∈ Z d and Z d is the ring of integers modulo d. Then the two operators Z, X generate the HeisenbergWeyl group (up to phase factors), which reduces to the Pauli group in the case of a qubit. The respective eigenbases of the three operators Z, X, XZ are mutually unbiased [9] . So the maximally entangled state |Φ in any dimension d can be verified within infidelity ǫ and significance level δ with only
according to Eq. (20) . The number of tests is only 50% more than the best nonlocal collective strategy. If d has the prime-power decomposition d = r j=1 p nj j , where p j are distinct primes and n j are positive integers, then at least min j (p nj j + 1) bases can be found that are mutually unbiased. In particular, a complete set of d + 1 MUB can be constructed when the dimension is a prime power [9] [10] [11] . In this case, the verification protocol is perfect, and the number of tests required to verify |Φ attains the lower bound in Eq. (29).
When a complete set of MUB is not available, we can still devise optimal verification protocols for |Φ using (weighted complex projective) 2-designs. Let P + be the projector onto the symmetric subspace of H ⊗2 . A weighted set of kets {|ψ ξ , w ξ } in H with w ξ ≥ 0 and
Let {B l , p l } l be a weighted set of kets with the uniform weight p l for all kets in basis l and l p l = 1; note that the total weight is d l p l = d. Then {B l , p l } l forms a 2-design iff Ω = l p l P (B l ) = (1+d|Φ Φ|)/(d+1). This observation confirms the following result.
Proposition 3. A CB strategy {P (B l ), p l } is optimal iff {B l , p l } l forms a 2-design. Propositions 2 and 3 together imply the following result first derived in Ref. [22] (cf. Theorem 3.2 there): at least d + 1 bases are needed for constructing a 2-design in dimension d; if the lower bound is saturated, then all bases are mutually unbiased and have the same weight. When d is a prime power, the lower bound can always be saturated [9, 11] . When d + 1 is a prime power, a 2-design can be constructed from d + 2 bases according to Ref. [22] , so an optimal CB strategy can be constructed using only d + 2 measurement settings. When d = 6 for example, a 2-design can be constructed from eight bases, although a complete set of MUB is not expected to exist. Proof. According to Theorem 4.1 and Proposition 4.3 in Ref. [22] , a (weighted) 2-design can be constructed explicitly from ⌈ Thanks to Proposition 4, the number of tests required to verify |Φ within infidelity ǫ and significance level δ can always attain the lower bound in Eq. (29). Propositions 2 3, and 4 highlight the significance of MUB and 2-designs for the verification, fidelity estimation, and entanglement detection of the maximally entangled state |Φ .
Next, we will show that all parsimonious strategies based on LP measurements (that is, projective measurements on product bases) and all optimal strategies (including perfect strategies) based on SP measurements are actually CB strategies. These results further strengthen the significance of MUB and 2-designs. The following two theorems are proved in the appendix.
with g ≥ 2 is parsimonious iff p l = 1/g and P l = P (B l ), where the g bases B 1 , B 2 , . . . , B g are mutually unbiased. The strategy is perfect iff, in addition, g = d+ 1, so that B 1 , B 2 , . . . , B g form a complete set of MUB.
is optimal iff there exist g bases B 1 , B 2 , . . . , B g such that P l = P (B l ) and {B l , p l } l forms a 2-design. The strategy is perfect iff, in addition, g = d + 1, p l = 1/(d + 1), and B 1 , B 2 , . . . , B g form a complete set of MUB.
Theorem 2 is quite surprising given that no obvious bases are involved in the definition of SP strategies. In addition to the applications in state verification, Theorem 2 also sheds light on the existence problem on MUB. Corollary 1. There exists a complete set of MUB in dimension d iff there exist d + 1 separable projectors P 1 , P 2 , . . . , P d+1 such that P j ≥ |Φ Φ| for all j and that P j − |Φ Φ| are mutually orthogonal.
B. Applications to entanglement detection
Note that ρ is entangled when the fidelity F (ρ, |Φ Φ|) is larger than 1/d. Given a verification strategy Ω, to certify the entanglement of |Φ with significance level δ, the number of tests is given by Eq. (2) with ǫ = (d−1)/d,
The bound is attained by the strategy Ω = |Φ Φ| based on the entangling measurement {|Φ Φ|, 1 − |Φ Φ|}. On the other hand, if Ω is the optimal local strategy with ν(Ω) = d/(d + 1), then Eq. (40) reduces to
Surprisingly, only one test is necessary when d ≥ 2δ −1 −1. If Ω is a parsimonious strategy with g distinct tests, then ν(Ω) = (g − 1)/g, so that Eq. (40) reduces to
which approaches ⌊ln δ −1 / ln g⌋ + 1 in the large-d limit. Again, only one test is necessary when g > δ −1 and d is large enough.
V. VERIFICATION OF MAXIMALLY ENTANGLED STATES IN THE ADVERSARIAL SCENARIO A. Optimal verification strategies
In the adversarial scenario, the efficiency of a verification strategy Ω will depend on smaller eigenvalues as well as β(Ω). In this case, singular verification strategies are not efficient for high-precision verification according to Eqs. (4) and (6), even for the strategy Ω based on the entangling test {|Φ Φ|, 1 − |Φ Φ|}, which is optimal for the nonadversarial scenario when there is no restriction on the measurements. Here we shall construct optimal protocols for the adversarial scenario.
If there is no restriction on the measurements, the optimal strategy can always be chosen to be homogeneous. In the high-precision limit, a strategy Ω is optimal in the adversarial scenario if it is homogeneous with β(Ω) = 1/e [12] . For the maximally entangled state |Φ , we can construct a homogeneous strategy Ω with β(Ω) = 1/(d + 1) according to Sec. IV A. To construct the optimal strategy, it suffices to add the trivial test with a suitable probability. By "trivial test" we mean the test associated with the identity operator, so that all states can pass the test for sure. Note that
In this way, any homogeneous strategy Ω that satisfies 1/(d+1) ≤ β(Ω) < 1 can be constructed by virtue of local projective measurements. In particular, we can construct a homogeneous strategy Ω with β(Ω) = 1/e by choosing p = (d + 1 − e)/(ed). Then the number of tests attains the minimum in the high-precision limit, that is,
In general, the optimal value of β(Ω) depends on the target infidelity ǫ and significance level δ. For high-precision verification, nevertheless, this value is close to 1/e [12] . Such strategies can also be constructed by virtue of local projective measurements.
B. Applications to entanglement detection
Recall that a bipartite state ρ is entangled whenever Φ|ρ|Φ ≥ 1/d. Given a strategy Ω for the maximally entangled state |Φ , the number of tests required to certify
If Ω is the entangling strategy based on the test {|Φ Φ|, 1 − |Φ Φ|}, then ν(Ω) = 1, and the number of tests is given by Eq. (6) with
, so the number of tests is approximately inversely proportional to δ. If Ω is a parsimonious strategy composed of g distinct tests with g ≤ d as constructed in Sec. IV A, then the number of tests is determined by Eq. (4) with
which is approximately equal to the number in Eq. (46). As in Sec. V A, the optimal strategy for certifying the entanglement of |Φ can be chosen to be homogeneous. Given a homogeneous strategy Ω with β(Ω) = λ, then the number of required tests is N (ǫ, δ, λ) with ǫ = (d − 1)/d, where N (ǫ, δ, λ) was derived in Ref. [12] . When δ ≪ λ, we have
according to Eq. (12) . The minimum of the right-hand side is attained when λ is the unique solution, denoted by λ * , of the following equation
It is not easy to derive an analytical formula for λ * , but it is easy to compute λ * numerically. In addition, it is easy to prove that λ * ≥ 1/(d + 1) when d ≥ 4, so the optimal strategy can be realized by LOCC. When d = 2, 3, the optimal value of λ under LOCC is
so the choice λ = 1/(d−1) is reasonably good for practical purposes. It should be pointed out that the above equation is derived under the assumption δ ≪ λ = 1/(d − 1).
In the rest of this section we show that for any given significance level 0 < δ < 1, the entanglement of the maximally entangled state |Φ can be certified using only one test as long as the local dimension d is large enough. To verify this claim, we may assume that 0 < δ ≤ 1/2 without loss of generality because the number of tests can only decrease when δ increases. The following theorem is proved in Appendix B.
Theorem 3. In the adversarial scenario, the entanglement of the d × d maximally entangled state |Φ can be certified with significance level 0 < δ ≤ 1/2 by a homogeneous strategy Ω with only one test iff
where
If Eq. (51) is not satisfied, then the entanglement of |Φ can not be certified with only one test even if nonlocal measurements are accessible given that the optimal performance can always be achieved by a homogeneous strategy. Conversely, if Eq. (51) is satisfied, then the entanglement of |Φ can be certified with only one test by a homogeneous strategy constructed from local projective measurements. Notably, we can choose the homogeneous strategy Ω with β(Ω) = 1 − √ 1 − δ or with β(Ω) = 2/(d + 1), both of which can be realized by virtue of local projective measurements. For example, the entanglement of |Φ can be certified with significance level δ = 0.1 using one test iff d ≥ 38. When δ ≪ 1, we have d * ≈ (4/δ) − 2, so the threshold value is about two times the value (2/δ) − 1 for the nonadversarial scenario; cf. Eq. (41).
VI. SUMMARY
We studied systematically efficient verification of maximally entangled states based on local projective measurements. We proved that optimal strategies are in one-to-one correspondence with weighted complex projective 2-designs, while perfect strategies are in one-toone correspondence with complete sets of MUB. Based on this observation, optimal protocols are constructed for maximally entangled states of any local dimension, and near-optimal protocols are constructed using only three measurement settings. Besides state verification, these protocols are also very useful to fidelity estimation and entanglement detection. Moreover, our approach can be applied to the adversarial scenario. In this case, we can construct protocols based on local projective measurements that are optimal even among protocols that allow entangling measurements. In addition, we proved that the entanglement of the maximally entangled state can be certified with any given significance level using only one test when the local dimension is large enough. Our work is of interest not only to practical quantum information processing, but also to foundational studies on the connections between quantum states and quantum measurements. Proofs of Theorem 1. The "if" part of the theorem follows from Proposition 2. Conversely, if the LP strategy {P l , p l } g j=1 is parsimonious, then p l = 1/g andP l are mutually orthogonal according to Lemma 3. In view of Lemma 5 below, there must exist g bases B 1 , B 2 , . . . , B g that are mutually unbiased and such that P l = P (B l ). Therefore, the LP strategy is actually a CB strategy, which is perfect iff the bases form a complete set of MUB. is optimal, then l p l tr(P l ) = d, which implies that all P l have rank d by Lemma 4 below. So each P l has the form P l = P (B l ) for some basis B l by Lemma 7 below, and the SP strategy is actually a CB strategy. Now the theorem follows from Propositions 3 and 2.
Lemma 4. Any separable projector P ≥ |Φ Φ| has rank at least d.
Proof. rank(P ) ≥ rank(tr B P ) ≥ rank(tr B |Φ Φ|) = d. Alternatively, this conclusion follows from the observation that tr(P ) ≥ E R (Φ) + 1 = d.
Lemma 5. Suppose P 1 , P 2 ≥ |Φ Φ| are two LP projectors. ThenP 1 andP 2 are orthogonal iff P 1 = P (B 1 ) and P 2 = P (B 2 ), where B 1 and B 2 are two bases for H that are mutually unbiased.
Proof. The "if" part follows from Proposition 1. Concerning the converse, suppose P l is diagonal in the product basis B l × B ′ l for l = 1, 2. Then P l ≥ P (B l ) by Lemma 6 below, soP l ≥P (B l ). IfP 1 andP 2 are orthogonal, then P (B 1 ) andP (B 2 ) are orthogonal, so B 1 and B 2 are mutually unbiased by Proposition 1. In addition, 1 = tr(P 1 P 2 ) ≥ tr[P 1 P (B 2 )] = rank(P 1 )/d,
which implies that P 1 has rank d in view of Lemma 4, so that P l = P (B l ). By the same token, P 2 = P (B 2 ).
Lemma 6. Suppose P ≥ |Φ Φ| is an LP projector that is diagonal in the product basis B × B ′ , then P ≥ P (B).
Proof. Suppose B = {|ψ j } 
where A j are subsets of {1, 2, . . . , d}. In addition,
Here the upper bound is saturated iff each |ψ * j is supported in the span of {|φ k } k∈Aj . It follows that |ψ * j ψ * j | ≤ k∈Aj |φ k φ k |, so that
which completes the proof.
Lemma 7. Any rank-d separable projector P on H
⊗2
that satisfies P ≥ |Φ Φ| has the form P = P (B), where B is an orthonormal basis for H.
Remark 2. The support of P (B) contains exactly d product states, namely, |ψ ψ| ⊗ |ψ * ψ * | for |ψ ∈ B. So the basis B in Lemma 7 is uniquely determined by P , assuming that two bases B, B
′ for H are deemed identical if they differ only by the ordering or phase factors of kets, note that such bases yield the same test projector, that is, P (B ′ ) = P (B). Then the mapping from bases for H to projectors on H ⊗2 as defined by P (B) is injective.
Proof of Lemma 7. By assumption P is a linear combination of pure product states with positive coefficients,
where |ϕ j and |φ j are normalized kets, c j > 0, and j c j = tr(P ) = d. We have
which implies that |φ j = |ϕ * j for all j. So there exist d kets, say |ϕ 1 , . . . , |ϕ d , such that |ϕ j ⊗ |ϕ * j for j = 1, 2, . . . , d span the support of P . In addition, |Φ has the form |Φ = is an orthonormal basis in the support of P , so P = P (B).
